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Supremum estimates {#Sec2}
------------------

To state our first result on sup bounds, we need a definition.

### Definition 1.1 {#FPar1}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(M^n,g)$$\end{document}$ be a Riemannian manifold and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_j(h); j=1,\ldots ,n$$\end{document}$ be a QCI system with Hamiltonian $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\hat{H}} = P_1(h).$$\end{document}$ Suppose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_1$$\end{document}$ satisfies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\partial _\xi p_1\ne 0$$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_1^{-1}(E_1)$$\end{document}$ and set$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Sigma _{x,E_1}:= \{ \xi \in T_x^*M; \, p_1(x,\xi )= E_1\}. \end{aligned}$$\end{document}$$We say that the system is of *Morse type at*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in M$$\end{document}$ if there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f \in C^{\infty }({\mathbb {R}}^n,{\mathbb {R}})$$\end{document}$ and an *h*-pseudodifferential operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ Q(h):= f(P_1(h),\ldots ,P_n(h))$$\end{document}$ with the property that its principal symbol$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} q \, |_{ \Sigma _{x,E_1} } \,\,\text {is Morse for all} \,\, x \in M. \end{aligned}$$\end{document}$$

Our first main result is

### Theorem 1 {#FPar2}
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One of the quantum integrable examples where the Morse hypothesis of Theorem [1](#FPar2){ref-type="sec"} is *not* satisfied at every point is that of the triaxial ellipsoid$$\documentclass[12pt]{minimal}
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### Theorem 2 {#FPar4}
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In general, for normalized Laplace eigenfunctions on a compact manifold *M* of dimension *n* i.e. solving $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta >0$$\end{document}$ when the manifold has integrable geodesic flow. The only other polynomial improvements that the authors are aware of occur in the case of Hecke--Maas forms on certain arithmetic surfaces \[[@CR18]\].

In this paper, we assume that eigenfunctions are joint eigenfunctions of a quantum complete *system* of equations. In \[[@CR29]\], it is shown that if QCI Laplace eigenfunctions have sup-norms that are *O*(1), then the manifold is, in fact, flat. Therefore, it is natural to understand the $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Vert u_h\Vert _{L^\infty }\le Ch^{-\frac{1-n}{4}} \end{aligned}$$\end{document}$$which is expected to hold at a generic point on a generic manifold. Moreover, in any dimension *n*, under a generic assumption on the QCI system, we are able to give an explicit polynomial improvement over ([1.8](#Equ8){ref-type=""}).

While this is a dramatic improvement over the bounds above, it is important to note that the assumption of quantum complete integrability is highly sensitive. First, any small perturbation of the original operator (even a lower order perturbation) will destroy the property of being quantum integrable. Furthermore, even if the Laplacian is quantum integrable, it is not clear that all eigenfunctions for the Laplacian are joint eigenfunctions of the corresponding QCI system. On the other hand, the approaches used to obtain ([1.8](#Equ8){ref-type=""}), ([1.9](#Equ9){ref-type=""}), ([1.10](#Equ10){ref-type=""}) and  ([1.11](#Equ11){ref-type=""}) are robust to lower order perturbations and apply to *all* sequences of eigenfunctions.

Our bounds are related to those in \[[@CR21]\] where Sarnak shows that on a locally symmetric space of rank *r*,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Vert u_h\Vert _{L^\infty }\le Ch^{\frac{r-n}{2}}. \end{aligned}$$\end{document}$$and the generalization of this bound to joint quasimodes of *r* essentially commuting operators with independent fiber differentials \[[@CR26]\]. We point out that while for some specific energy levels *E*, there are points satisfying the independent fiber differential assumption, the only quantum integrable example we are aware of in which there is a *single* point *x* satisfying this assumption for all energy levels is that of the flat torus. We also note that our results in Theorem [1](#FPar2){ref-type="sec"} apply in the case of many QCI systems that *do not* arise from isometric group actions; these include Liouville Laplacians on tori, Laplacians on asymmertric ellipsoids, quantum Neumann oscillators on spheres and quantum Kowalevsky tops, among others.

Exponential decay estimates {#Sec4}
---------------------------

Our next result deals with exponential decay estimates for joint eigenfunctions in the microlocal "forbidden\" region $\documentclass[12pt]{minimal}
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Sup Bounds for QCI Eigenfunctions: Proof of Theorem [1](#FPar2){ref-type="sec"} {#Sec5}
===============================================================================

Proof {#FPar6}
-----
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Schrödinger case {#Sec6}
----------------

To treat the more general Schrödinger case, we simply note that (see e.g. \[[@CR8]\]) in analogy with the homogeneous case in ([2.2](#Equ14){ref-type=""}),$$\documentclass[12pt]{minimal}
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Geometric implications of the Morse condition {#Sec7}
---------------------------------------------

The morse assumption, Definition [1.1](#FPar1){ref-type="sec"}, may at first seem artificial. However, we observe in Sect. [4](#Sec17){ref-type="sec"} that it is satisfied in many examples and, moreover, it implies a purely geometric condition which is natural. In particular, for the QCI system $\documentclass[12pt]{minimal}
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Exponential Decay Estimate for Joint Eigenfunctions in the Microlocally Forbidden Region {#Sec8}
========================================================================================

In this section, to prove our eigenfunction decay estimates, we will assume that (*M*, *g*) is real-analytic and the QCI system $\documentclass[12pt]{minimal}
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Complex geometry {#Sec9}
----------------
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There is a natural *I*-isotropic associated with the integrable system $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathcal {P}}} = (p_1,\ldots ,p_n)$$\end{document}$ and the associated $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {C}}$$\end{document}$-Lagrangian $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\tilde{\Lambda }}.$$\end{document}$ To define it we let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T^*M \otimes {\mathbb {C}}:= \widetilde{T^*M}_M,$$\end{document}$ the complexification of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T^*M$$\end{document}$ in the *fibre*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _{\xi }$$\end{document}$-variables only and set$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\tilde{\Gamma }}_I := \Lambda _{{\mathbb {C}}} \cap \Big ( T^*M \otimes {\mathbb {C}}\, \Big ). \end{aligned}$$\end{document}$$We will now consider the case where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi : \Lambda _{{\mathbb {R}}} \rightarrow M$$\end{document}$ has *fold* singularities. As we will show below, in such a case, one can describe the structure of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\tilde{\Gamma }}_I$$\end{document}$ in detail locally near the projection of the caustic set.

### Definition 3.1 {#FPar7}
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### Remark {#FPar8}
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### Harmonic oscillator. {#Sec11}
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#### Remark {#FPar15}
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Analytic psdos and FBI transforms {#Sec14}
---------------------------------
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### Remark {#FPar17}
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### Proof {#FPar20}
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### Remark {#FPar21}

The argument as above works in semiclassical Sobolev norm in the same way, with$$\documentclass[12pt]{minimal}
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### Remark {#FPar22}

Many classical integrable systems (eg. geodesic flow on ellipsoids, Neumann oscillators on spheres, geodesic flow on Liouville tori), have the feature that in terms of appropriate coordinates $\documentclass[12pt]{minimal}
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Examples {#Sec17}
========

We begin with some relatively simple examples of QCI systems in two dimensions: Laplace eigenfunctions on convex surfaces of revolution and Liouville tori/spheres. In these special examples, one can justify separation of variables for the joint eigenfunction that allow us to verify the sharpness of both Theorems [1](#FPar2){ref-type="sec"} and [3](#FPar5){ref-type="sec"}.

Convex surfaces of revolution {#Sec18}
-----------------------------
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### Sup bounds. {#Sec19}
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### Eigenfunction decay. {#Sec20}

To verify the fold condition, we assume that $\documentclass[12pt]{minimal}
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Laplacians and Neumann oscillators on Liouville tori {#Sec21}
----------------------------------------------------

### Liouville Laplacian. {#Sec22}

Consider the two-torus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ M={\mathbb {R}}^2/{\mathbb {Z}}^2$$\end{document}$ with two, smooth, positive periodic functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a,b :{\mathbb {R}}/{\mathbb {Z}}\rightarrow {\mathbb {R}}^+$$\end{document}$ where, for convenience, we assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\min _{0 \le x_1 \le 1} a(x_1) > \max _{0 \le x_2 \le 1} b(x_2).$$\end{document}$ The corresponding Liouville metric is given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g = ( a(x_1) + b(x_2) ) ( dx_1^2 + dx_2^2)$$\end{document}$ and the associated Laplacian$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} P_1(h) = - \, [ a(x_1) + b(x_2) ]^{-1} \, ( \, (h \partial _{x_1})^2 + (h \partial _{x_2})^2 \, ) \end{aligned}$$\end{document}$$is QCI with commutant$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} P_2(h) = - \, [ a(x_1) + b(x_2) ]^{-1} \, ( \, b(x_2) (h\partial _{x_1 })^2 - a(x_1) (h\partial _{x_2})^2 \, ). \end{aligned}$$\end{document}$$Given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(1,E_2) \in {{\mathcal {B}}},$$\end{document}$ it is easily checked that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Lambda _{1,E_2} = \{ (x_1,x_2,\xi ,\eta ) \in T^*({\mathbb {R}}^2/{\mathbb {Z}}^2); \xi ^2 = E_2 + a(x_1), \,\, \eta ^2 = b(x_2) - E_2 \}.\quad \end{aligned}$$\end{document}$$When $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_2 \in (\max b, \min a),$$\end{document}$ the projection $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _{\Lambda _E}$$\end{document}$ has no singularities and consequently, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Lambda _E$$\end{document}$ is a Lagrangian graph. On the other hand, when either $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_2 \in (\min a, \max a) \cup (\min b, \max b),$$\end{document}$ it is easily seen from ([4.5](#Equ68){ref-type=""}) that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\pi _{\Lambda _E}: \Lambda _{E} \rightarrow {\mathbb {R}}^2/{\mathbb {Z}}^2$$\end{document}$ is of fold type. Consequently, when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a, b \in C^{\omega }({\mathbb {R}}^2/{\mathbb {Z}}^2)$$\end{document}$, the decay estimates in Theorem [3](#FPar5){ref-type="sec"} hold for the joint eigenfunctions.
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### Liouville oscillators. {#Sec23}
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Both the Liouville Laplacian and oscillator extend to QCI systems on tori of arbitrary dimension \[[@CR17]\] The fold assumption is satisfied for generic joint energy levels (see also Remark 3.5 below) and so is the Morse assumption in Theorem [1](#FPar2){ref-type="sec"}.

Laplacians on ellipsoids {#Sec24}
------------------------
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### Proof of Theorem [2](#FPar4){ref-type="sec"}. {#Sec25}

#### Proof {#FPar23}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_j; j=1,2,3,4$$\end{document}$ be open neighbourhoods of the umbilic points $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_j; j=1,2,3,4$$\end{document}$. Then, in the complement $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {E} {\setminus } \cup _{j} B_j$$\end{document}$, one has local coordinates $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x_1,x_2)$$\end{document}$ in terms of which the metric has the form ([4.7](#Equ70){ref-type=""}). Then, the same argument as in the case of the Liouville torus using Theorem [1](#FPar2){ref-type="sec"} shows that for the joint eigenfunctions of the corresponding QCI system on the ellipsoid, one gets that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sup _{x \in \mathcal {E} {\setminus } \cup _j B_j} |u_h(x)| = O(h^{-1/4}). \end{aligned}$$\end{document}$$On the other hand, in the neighbourhoods $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_j;j=1,..,4$$\end{document}$ of the umbilic points, we claim that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sup _{x \in \cup _j B_j} |u_h(x)| = O(h^{-1/2} |\log h|^{-1/2}). \end{aligned}$$\end{document}$$To prove ([4.8](#Equ71){ref-type=""}), we split the analysis into two cases: Case (i): Suppose first that for any fixed $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta = 1/4 - \varepsilon $$\end{document}$ we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in B_j {\setminus } B_j(h^{\delta }).$$\end{document}$ Using the conformal $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x_1,x_2)$$\end{document}$ coordinates above near the umbilic point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_j$$\end{document}$ we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1(p_j) = x_2(p_j) =0$$\end{document}$ and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} a(x_1) = C x_1^2 + O(x_1^3), \,\, b(x_2) = C' x_2^2 + O(x_2^3), \quad x = (x_1,x_2) \in B {\setminus } B(h^\delta ). \end{aligned}$$\end{document}$$Then, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p= (a+b)^{-1} (\xi ^2 + \eta ^2)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q = (a+b)^{-1} (b \xi ^2 - a \eta ^2)$$\end{document}$ in this case, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\min \{ a(x_1), b(x_2) \} \gtrapprox h^{2\delta }$$\end{document}$ when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in B_j {\setminus } B_j(h^{\delta }).$$\end{document}$ Then,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |dq|_{S_x^*M}\big |+ \big | \, d^2 q|_{S_{x}^*M} \, \big | \ge Ch^{2\delta }, \quad \text {when} \,\, x \in B {\setminus } B(h^{\delta }). \end{aligned}$$\end{document}$$From the stationary phase estimate in ([2.6](#Equ18){ref-type=""}) and ([2.7](#Equ19){ref-type=""}) it then follows that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |u_h(x)|^2 \le C h^{-1} \big ( h^{1/2-2\delta } + h \big ) \end{aligned}$$\end{document}$$so that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sup _{x \in B_j {\setminus } B_j(h^\delta )} |u_h(x)| \le C_1 h^{-1/4} h^{-\delta } + C_2 \le C_3 h^{-1/2 + (1/4-\delta )}. \end{aligned}$$\end{document}$$The bound in ([4.9](#Equ72){ref-type=""}) is quite crude, but since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0< \delta < 1/4,$$\end{document}$ it is a polynomial improvement over the universal Hörmander bound and more than suffices for the argument here.

Finally, we deal with Case (ii); where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in B(h^{\delta }).$$\end{document}$ To do this, consider $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S^*_{p_j}\mathcal {E}$$\end{document}$. We have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_j$$\end{document}$ is self-conjugate with constant return time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_0>0$$\end{document}$. There is a hyperbolic source/sink pair $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi ^{\pm }\in S^*_{p_j}\mathcal {E}$$\end{document}$. In particular, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$U^{\pm }\subset S^*_{p_j}\mathcal {E}$$\end{document}$ be neighborhoods of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi ^{\pm }$$\end{document}$. Then there is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{U_{\pm }}$$\end{document}$ so that for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi \in S^*_{p_j}\mathcal {E}{\setminus } U^{\pm }$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} d(G^{nT_0}(p_j,\xi ),\xi ^{\mp })\le C_{U_{\pm }}e^{-|n|/C_{U_{\pm }}},\qquad \mp n\ge 0. \end{aligned}$$\end{document}$$Moreover, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |dG^t|_{TS_{p_j}^*{\setminus } U_{\pm }}|\le C_{U_{\pm }}e^{-|t|/C_{U_{\pm }}},\qquad \mp t\ge 0. \end{aligned}$$\end{document}$$Therefore, applying \[[@CR7], Lemmas 3.1, 3.2\] to both $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_{\pm }:=S_{p_j}^*{\setminus } U_{\pm }$$\end{document}$, we have, using \[[@CR6], Theorem 2\],$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sup _{x\in B_j(h^\delta )}|u_h(x)|\le Ch^{-\frac{1}{2}}|\log h|^{-1/2}. \end{aligned}$$\end{document}$$In summary, from ([4.9](#Equ72){ref-type=""}) and ([4.10](#Equ73){ref-type=""}) it follows that for joint eigenfunctions on the ellipsoid, one gets the *global* sup bound$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert u_h\Vert _{L^\infty (\mathcal {E})} = O(h^{-1/2} |\log h|^{-1/2}) \end{aligned}$$\end{document}$$which proves Theorem [2](#FPar4){ref-type="sec"}. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\quad \square $$\end{document}$

Appendix A: Uniformity of Parametrix Construction {#Sec26}
=================================================

Since the purpose of this section is to understand uniformity in $\documentclass[12pt]{minimal}
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